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I. OBJECTIVES AND SUMMARY 



This dissertation treats the examination of the effect 
on fluid flow of the theory of non-Newtonian fluids. The gen- 
eral methods of Reiner and Rlvlin, as developed by Truesdell, 
are followed. 

An Investigation is made in Chapter 4. of the func- 
tional dependence of the pressure on the space variables and 
its effect on the possibility of existence of a particular flow. 
This functional dependence is closely related to the form of the 
second order viscosity coefficients. In many cases* making the 

same assumption of such dependency of pressure as is made in 

) 

the linear case, together with taking the viscosity coefficients 
aa constants, forces only the linear solution. This may 
lead to the erroneous conclusion that the particular flow of 
the non-Newtonian fluid is not possible. This functional 
.....dependence is discussed in the general case in Chapter 4. and 

y ✓ > 

in many of the particular flows studied. 

The stress tensor is developed in such a manner as to 
emphasize the Kelvin and Poynting effects of the non-Newtonian 
theory . 

Several specific flows are considered. These flows 
were chosen as a result of many considerations, the primary one 
of which was, of course, that new results could be obtained. 
Other considerations prompting the selection of specific flows 
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were: (1) the form of the rate of deformation tensor, (2) the 

coordinate system in which the flow could bo considered, (3) 
variation of observable phenomenon, and (4) solvability of 
the equations of motion. 

Chapter 2. reviews the symbols, definitions and equations 
which are further developed in the Appendix. The importance of 
complete understanding of physical components of tensors and 
their relationships to the other tensor components cannot be 
overemphasized when computations are necessary. 

Chapter 3. reviews the definitions of fluids and develops 
the general form of the extra stress tensor which is used pri- 
marily herein for the explicit display of the terms contributing 
to the Kelvin and Poynting effects. 

Chapter 4. discusses the latter effects and the general 
effect of the pressxire on the non-linear theory. 

In Chapter 5. , simple Poiseuille flow is studied. By 
means of inversion of series, a general solution is provided. 

An explicit form of the pressure is also produced. It is shown 
that the pressure is dependent on the downstream variable, a 
phenomenon not observed in the linear case. 

Poiseuille flow of a non-Newtonian fluid in a circular 
pipe is completely solved in Chapter 6. In addition, a 
generalization of the Hagen-Poiseuille Efflux Law is given. 
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In Chapter 7., we demonstrate the existence and study 
the structure of shock waves in non-linear continuum theory. The 
steady one-dimensional flow of a trivariate, heat conducting 
fluid with non-linear viscosity is considered in the absence 
of external forces. The discussion is limited to perfect gases. 
However, the proof of existence carries over to fluids with 
more general equations of state. Geometrical properties of 
solutions to systems of differential equations are employed 
to show existence. Comparison is made of thicknessess of shock 
waves in non-linear fluids and linear fluids after choosing 
an arbitrary form of the viscous stress. 

The steady flow of a non-Newtonian fluid in a wedge or 
diverging channel is studied in Chapter 8. This flow provides 
an excellent example of the computational methods necessary in 
the non-linear theory. We are lead to the same elliptic in- 
tegral solution as in the classical case. The pressure dis- 
tribution is, of coarse, different. 

The problem of Boussinesq is considered in several general 
cases. The effects of pressure dependence are very noticeable in 
this problem. Consideration of the dependency of pressure on the 
distance from the boundary is mandatory. 

The equations of motion of the draining of a vertical 
plate are solved in Chapter 10. Quantitative information is 
provided and a set of curves showing comparisons of thicknesses 
of the linear and non-linear theories with observed results are 
provided. 
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II. SYMBOLS, DEFINITIONS AND EQUATIONS 



General. - Insofar as Is possible, standard symbols of modern 
fluid dynamics will be used throughout the text. The symbols 
and conventions of tensor analysis 1 are used wherever general 
terms or equations are written. Each symbol is defined when 
first Introduced. 

In actual computations, physical components are used. 

The beauty and elegance of the invariant form of equations 

unfortunately do not generally persist when the physical 

components are substituted for the flow variables. On the 

other hand, physical interpretation of tensor components is not 

always clear. The equations using physical components and the 

comparable ones employing the invariant forms can Indeed be 

quite different in any but a rectangular cartesian coordinate 

2 

system. In fact, it is this difference that lead Truesdell 
to write "in 1944, I first had the puzzling experience of 
getting an apparently wrong form of the equations of elasticity 
in polar coordinates by specializing the perfectly correct 
general tensor equation to the case at hand." 

1 C. E. Weatherburn, Riemannlan Geometry and the 
Tensor Calculus . (Cambridge: University Press, ' 1938) . 

2 

C. Truesdell, "The physical components of vectors and 
tensors," Zeitschrlft ftir angewandte Mathematlk und Mechanik, 
XXXIII, (1953)7 345-35(5. 7 
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We use 



tensor 





to wean the physical components of the 



We assume, of course, that a fluid is a continuous 
medium, with which the reader is presumed to be familiar. 
Equations are derived in the Appendix, but are given below. 



Equation of Continuity . 

Let p be a fluid density 

X* be tbe contravariant components of velocity 
where 9 is tho symbol for material differen- 
tiation, 

then the equation of continuity takes the form, 

■§£-*- ie*0,i =■ o (2 - 1 

«■ 

where " 9 j ” is the symbol for covariant differentiation. 



Cauchy *s Laws of Motion . 

Let be the stress tensor (symmetric) ** 

I 

f be an extraneous force field, and, 



the components of acceleration, 



then, 



-h 



is Cauchy * b first law of motion. 



(2-2) 



?See~Appendlx Jor_ def ini t ion of 
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Energy Equation . 

Let £, be the internal energy density, and 



then 



be the heat flux vector, 



e e = t‘ l Xi,j - tf.i 



* . 



Defining the rate of deformation tensor as usual, 
and recalling the symmetry of ^ 



we obtain 



(2-3) 



the Fourier-Kirchof f-C . Neumann equation. 



Extra Stress Tensor. 

- r. m Tf - ™ 1 ' “ T '” » 

_ , * 

Defining the extra stress tensor, Vj » by 



•u-s 



(2-4) 



where is the Kronecker delta, and ^3 is any scalar. 

Then the equation of energy can be placed in the form, 

e©n- 1 

where ^ is a local statistical parameter (entropy) , and 



1/ * JL 

J t 



TT = — 
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For incompressible flow ( £ « D ) , 'V** * O . In order that we 
may obtain the sane elegant resvi.lt In the compressible case, we 
choose the scalar * and obtain, 

e©fi •= - fa 

a different form cf the energy equation. In the flows considered 
herein, we assuu# that the stress power is non-negative, that is 

> o 

or equivalent! 5 , 

V ij £ •> 0 . 

Once W’* assume an equation of state, say 

g = 9(e»i) 

a given form, 

|ia-X9,t (Fourier’s Law) 

and the form of the extra stress tensor 

V| — "f ( ^ j > ^p> t Lt, (t } • • • • J 

whore denotes functional dependence and &,b,c„... are constants 
of the fluid, then we have all the equations necessary to study 
the flow of fluids considered herein and many others. 

^C. Trues dell, ’’On the Viscosity of Fluids According 
to the Kinetic Theory,” Zeltschrift fur Physik, CXXXI , (1952), 
273-289. 

^ I' is used throughout to denote functional dependence 
rather than a specific function. 
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Classification of Fluids and Motions . - If in all motions, 

? 

then the fluid is said to be lncompress ible . Furthermore, if 
0 is an absolute constant , the fluid is said to be homogeneous 
and incompressible . 



I£ ‘$3 91 ^ 0 

be piezotropic . 



in all motions, then the fluid is said to 



If t <£•’() in all motions, 
be trivariato. 



then the fluid is said to 



it C'tM- the motion is said to be isochorlc ; if 
f , isobaric ; if £ as, or barotroplc . 
All other mbtlons are said to be baroclinlc. 
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